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! Abstract 

On 

We show that a four-parameter generating solution for a general class of 
four-dimensional, spherically-symmetric, static, dyonic BPS saturated solu- 
Oh' tions of leading-order effective equations of toroidally compactified heterotic 

string theory is an exact string solution. The corresponding ten-dimensional 
background defines a conformal sigma-model which is a particular case of a 
'chiral null model' with curved 'transverse' part. The exact conformal invari- 
ance is a consequence of the chiral null structure of the 'electric' part of the 
model and the N = 4 world-sheet supersymmetry of its transverse 'magnetic' 
part. The sigma-model action has a remarkable covariance under both target 
space T-duality and the electro-magnetic 5-duality transformations, and it il- 
lustrates the relationship between string-string duality in six dimensions and 
(S-duality in four dimensions. In general, there exists a large class of exact 
six-dimensional superstring solutions described by chiral null models with four- 
dimensional transverse parts represented by N = 4 supersymmetric cr-models 
with metrics conformal to hyper-Kahler ones. 
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1. Introduction. Recent recognition Q that Bogomornyi-Prasad-Sommerfield 
(BPS) saturated states should play an important role in the full non-perturbative 
dynamics of string theory, has triggered a renewed interest in supersymmetric solu- 
tions of different effective field theories in various dimensions (for a review, see || and 
references therein). The study of such configurations may, in particular, shed light on 
duality symmetry between certain strongly coupled and weakly coupled string vacua. 

These backgrounds have minimal energy in their class, i.e., they saturate the 
Bogomol'nyi bound on the energy, and are usually obtained as extrema of the leading- 
order effective string-theory (supergravity) actions. These solutions admit Killing 
spinors and thus preserve some of the supersymmetries. 

To interpret such a configuration as a solution of string theory (and not just of 
supergravity theory) and thus to achieve an adequate understanding of its properties 
and its role in the context of string theory, one should identify the corresponding 
conformal two-dimensional (2d) field theory. The first step in this direction is to 
find a conformal 2d a-model with couplings (G^, B^, $, ...) which reduce to the 
background fields in the leading order in a', i.e., which extend the leading-order 
background to an exact string solution. 

There are large classes of conformal a-models, or exact string solutions, which 
actually retain their leading-order form: they are not modified by a'-corrections pro- 
vided one uses a special scheme (for a review, see [[| and references therein). Such are 
'chiral null models' ||, which, in particular, describe (after the Kaluza-Klein trun- 
cation) supersymmetric extreme electric four-dimensional black-hole-type solutions 
(see, e.g., || ^ [7], |8], [| [TIJ). The special chiral null structure of the corresponding 
a-model implies that these solutions are exact not only in the type II superstring or 
heterotic string theory, but also in the bosonic string theory [Q . On the other hand, it 
is the extended supersymmetry that is crucial for the exactness of the extreme mag- 
netic black hole solutions, i.e., they are exact only as heterotic or type II superstring 
solutions 0, 0, |T|, 0, [L|. 



The aim of the present paper is to show that a class of four-dimensional spherically- 
symmetric static dyonic BPS saturated solutions of leading-order effective equations 
of toroidally compactified heterotic string theory (for a review, see |16| and references 
therein) is actually a class of exact string solutions by presenting the corresponding 
conformal cr-model. By embedding these solutions into ten-dimensional string theory 
we shall find that the resulting superstring action is a particular case of the generalized 
chiral null model [17, |^, [| with curved four-dimensional 'transverse' part. Although 
the general background with the non-vanishing electric and magnetic charges corre- 
sponds to a model with only N — 1 space-time supersymmetry, so that the resulting 
cr-model possesses only N = 2 world-sheet supersymmetry, the chiral null structure 
of the 'light-cone' ('electric') part of the cr-model action, along with the extended 
N = A world-sheet supersymmetry^ of the four- dimensional 'transverse' ('magnetic') 

3 In what follows N = 4 world-sheet supersymmetry would mean (4, 0) supersymmetry in the 
heterotic string case and (4, 1) supersymmetry in the type II (or 'embedded' heterotic) case. 
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part, will suffice to argue that the full 2d theory is conformal to all orders. We shall 
thus reach a remarkable conclusion that the electric and magnetic charges associated 
with two different compact Kaluza-Klein dimensions can be superposed at the level 
of conformal cr-model without need to introduce extra terms in the 2d action. This is 
a non-trivial result, given that the 'dyonic' a-model does not factorise into the sum 
of 'electric' and 'magnetic' parts since both depend on the same radial coordinate. 

2. General Dyonic BPS Saturated Black Hole Solution. The supersymmetric back- 
grounds we are going to consider are solutions of the four-dimensional N = 4 super- 
symmetric effective action of the heterotic string compactified on a six-torus (see, 
e.g., [I3] and references therein). At generic points of the moduli space of toroidally 



compactified heterotic string the set of BPS saturated, supersymmetric, static, spher- 
ically symmetric configurations is both 0(6, 22, Z) and SL(2, Z) duality invariant. In 
[19 1 the explicit form of a general class of such configuration with 56 charges sub- 
ject to one constraint was given. It corresponds to the states which can be obtained 
by acting with SL(2, Z) transformations on configurations with zero axion and most 
general allowed dyonic charges. 

The latter set of solutions are 0(6,22, Z) orbits of dyonic configurations whose 
'left' as well as 'right' electric and magnetic charges are orthogonal, i.e., light-like 
in the 0(6, 22, Z) sense. It turns out TBI that the generating solution for this set is 



the one which has the non-trivial scalar fields being represented only by the diagonal 
components of the internal metric of the six-torus (g mm , m = 1, ...,6) and the four- 
dimensional dilaton (0 4 ), whose asymptotic values may be set equal to one and zero, 
respectively. 

The explicit form of this generating solution depends on four parameters: two 
magnetic and two electric charges. The magnetic and electric charges are associated 
with two different internal dimensions, i.e., two different U(l) groups. The magnetic 
(electric) charges correspond to the Kaluza-Klein vector field A^ m (A^ n ) and the 

vector field originating from the antisymmetric tensor components A^ (A^). Here 
the indices t and ip refer to the time and polar angle coordinates of four- dimensional 
space-time and m 7^ n are a pair of the six-torus indices (for the explicit form of the 
solution in terms of the four-dimensional fields see flT9"|). Without loss of generality, 
the non-zero charges can be chosen to be P[ ' , -Pi 2 \ Q2 , Q% , i.e., to be the charges 
of the gauge fields associated with the first two circles of the six-torus.0 

The generating solution depends only on the four 'screened' charges (P[ 1 , Pf\ 

Q?\ Q? } ) = (r/pif \ VpP?, VqQ?, VqQ? ] )- Here Vp , q = ±1 are parameters in the 
Killing spinor constraints which are chosen so that r/p sign(P x +P 1 ^ 2 ' ) ) = 1 and t]q 
sign(0,2 1 ' ) + Q2 2 ) = 1; thus yielding a non-negative ADM mass Mbps = Pi + Pi 2 "* 
+ for the four-dimensional configuration. 



4 The upper index refers to the origin (Kaluza-Klein metric or two-form) of the corresponding 
U(l) gauge field and the lower index indicates the number of the internal circular dimension. 
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The four-dimensional space-time structure depends on the relative signs of the 
two magnetic and the two electric charges. When the relative signs of the two mag- 
netic and the two electric charges are the same, we refer to such solutions as regular. 
They have a Reissner-Nordstrom-type horizon, null singularity, or naked singularity 
when all four, only three (or two), or only one of the charges are nonzero, respec- 
tively. On the other hand, when the relative signs for the two magnetic (and/or two 
electric) charges are opposite, we refer to such solutions as singular, they always have 
a naked singularity and repel massive particles || 2C]. In addition, the latter set of 
configurations become massless || f^, ^0] when the two screened electric (and two 
magnetic) charges have opposite signs and equal magnitudes, and may contribute to 
the enhancement of local gauge symmetry |2l], |20| as well as local supersymmetry 
at special points of moduli space. 

The solution of [19 was expressed in terms of the fields appearing in the four- 
dimensional, low-energy effective action. In terms of the corresponding fields of the 
ten-dimensional heterotic string theory (see, e.g., |Tj|) G^, B^, $, A 1 ^ (/i, v = 
0, • • • , 9, J = 1, • • • , 16), i.e., the string-frame metric, the two-form field, the dilaton 
and the Abelian (Cartan subalgebra) Yang-Mills fields, the solution takes the form: 



r/s 2 

Ub 1Q 



]T dy 2 n + F{f) \2dtdy 2 + K(r)dy\ 



n=3 



+ f{r)\k{r) dyi + P?(l - cos 9)dy 



B 



where 



PS 2) (l-cosi 



B, 



t,2 



K = 1 + 



dr 2 + r 2 {d9 2 + sin 2 



/ 



Pi' 



(2) 



F(r), $ = f]n[F(r)/(r)], 4 = °> 



k' 



1 + 



(i) 



(2) 



(3) 



Here t and (r, 9, ip) are time and the spherical coordinates of the four- dimensional 
space-time, while (y\, ■ ■ ■ ,ye) are the periodic coordinates of the six-torus. The ra- 
dial coordinate r is chosen in such a way that the horizon (or singularity) of the 
four-dimensional Einstein-frame metric for the regular solutions is at r = 0, while 
the singular solutions have a naked singularity at r = max[min (|Pp|, |P^|), min 
(IQ^I) IQ2 I)]- Note that the non-trivial (i, r, 9, (p; y\, y 2 )-part of the solution is six- 
dimensional. These solutions admit a straightforward multi-center generalization (see 
also below). 



It turns out |T9| that the non-zero magnetic and non-zero electric charges each 
break | of the maximal number of supersymmetries. Thus, purely electric (or purely 
magnetic) configurations preserve ~, while dyonic solutions preserve only | of the 
N = 4 supersymmetry in four dimensions.^ Consequently, the corresponding full 

5 The first and the second sets of configurations belong to the vector- and hyper- supermultiplets 
with highest spins 1 and | [^2], , respectively. 
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(heterotic) string cx-model action will have only N = 2 world-sheet supersymmetry. 
However, its transverse 'magnetic' part will have an increased, N — 4, world-sheet 
supersymmetry. 

3. Conformal Chiral Null Models with N = 4 Supersymmetric Transverse Part. 
Our goal is to write down the world-sheet supersymmetric heterotic or type II su- 
perstring cx-model action corresponding to the background (l)-(3). The world-sheet 
action will turn out to correspond to a special case of a generalized chiral null model 
which is conformally invariant to all orders in a', in spite of the fact that the full cx- 
model action will have only N = 2 world-sheet supersymmetry. A novel mechanism 
of preserving conformal invariance which will be at work here is based on combining 
the chiral null structure of the 'electric' part of the model with the extended N = 4 
world-sheet supersymmetry of its four- dimensional transverse 'magnetic' part. Let us 
first describe a general class of such conformal chiral null models. 

The chiral null models H [17|, |J] is a class of 2d cx-models which generalize both 
plane wave type and fundamental string type models 

L = F(x)du \dv + K{u,x)du + A i {u,x)dx i ] +{G ij +B ij )(x) dx { dx j +TZ^(u, x) . (4) 
Here u, v are 'light-cone' coordinates, x l are 'transverse space' coordinates and 1Z = 



joi' \j The affine symmetry v' — v + h(z) implies the existence of a con- 
served chiral null current. The corresponding metric has a null Killing vector and the 
generalized connection with torsion has a special holonomy. 

A remarkable property of the model (f|) is that there exists a renormalisation 
scheme in which it is conformal to all orders in a' provided (i) the 'transverse' cx- 
model (Gij + Bij)dx % dxi is conformal when supplemented with a dilaton coupling 
(f){x) (so that (G^, B^, (ft) represent an exact string solution), and (ii) the functions 
F- X ,K, Ai,$ satisfy^ 

F 2 (-uF- 1 + d^diF- 1 ) = , F(-uoK + d^diK) = , u = ±V 2 + O(a') , 

F{-\ViF j + d4F j ) = , T i3 = diAj - d 3 Ai , $ = + \ In F . (5) 
Here u is the scalar anomalous dimension operator. In general, it contains (Cry, -B^)- 



dependent corrections to all orders in a' (see [^4], |]) 



The simplest example of the chiral null model is the one with the flat transverse 
space G^ + Bij = 5{j and constant (or linear) dilaton </>q. At the points where F is 
non-vanishing the conditions (g[) then reduce to 

ffdiF- 1 = , &diK = , diF> = , $ = O + \ InF . (6) 

This model describes a large class of exact string solutions, in particular, higher 
dimensional plane waves, fundamental strings and, upon dimension reduction, four- 
dimensional supersymmetric electric black hole-type solutions || |], [7], [UJ. The 



6 In what follows we shall consider for simplicity the special case when K, Ai,$> are u-independent. 
Then the action is also invariant under v' = v — r)(%), = Ai + dirj. 
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electric backgrounds are embedded into a higher dimensional model by assuming 
that a linear combination of u and v is a compact Kaluza-Klein dimension y, i.e., 
that the electric field originates from the 'light-cone' (u, v) part of the model, while 
the transverse spatial part remains flat. On the other hand, in order to embed the 
magnetic field, one has to consider models with non-trivial transverse spatial part. 
This suggests that the dyonic solutions discussed above should be described by a more 
general chiral null model (f|) with a curved transverse part. 

It is indeed possible to obtain exact solutions with curved transverse space when 
the conformal field theory corresponding to the transverse part of (§) is known ex- 
plicitly [|17], |J.[] Here we shall consider another important exactly solvable case, when 



the transverse cr-model has extended N = 4 world-sheet supersymmetry. Then one 
can argue, following |25|, ^TJ, that there exists a scheme in which not only the 
transverse cr-model couplings (Gij, Bij, <f>), but also the 'tachyonic' operator u and 
thus the functions F, K, Ai, $ retain their leading-order form. In what follows we 
shall set ^-couplings in (|J) equal to zero. As a result, (||) is replaced by 

diie-^VGG^djF' 1 ) = 0, d^e'^yfGG^d^K) = 0, $ = + § lnF(x). (7) 

As explained in [[27]], a (4, 0) supersymmetric cr-model is exactly conformal in a special 
scheme where the (4, 0) supersymmetry is preserved. It is thus sufficient to demand 
the (4, 0) supersymmetry of the transverse cr-model in order to ensure that the trans- 
verse cr-model gives rise to an exact ('left-right asymmetric') solution of the heterotic 
string theory. The same background will be represented by (4, 1) supersymmetric 
cr-model in the context of type II superstring theory (in some special cases the (4, 1) 
cr-model may have (4,4) supersymmetry [0]). The corresponding exact type II su- 
perstring solution can be reinterpreted also as another, 'symmetric', heterotic string 
solution which is obtained by embedding the generalized Lorentz connection into the 
gauge group (see, e.g., [0, 

The conditions for a heterotic (type II) cr-model to admit a (4,0) ((4, 1)) super- 
symmetry were discussed in [ p5| , [28| , |26| , |TT| , f29| . Below we shall consider a particular 



model with a /bur-dimensional transverse part such that its metric is 
Gjj = f {x) 9ij , V 2 / = , (8) 

7 In that case the 'tachyonic' operator u> is given by the zero-mode part of the CFT Hamiltonian 
H . Fixing a particular scheme (e.g., the one where H has the standard 'Klein-Gordon with a dilaton' 
form), one is able to determine the exact form of the background fields (Gy, Bij,(j)) and F,K,Ai- 
This produces, in particular, the exact solutions which are 'hybrids' of the gauged Wess-Zumino- 
Witten (WZW) and plane wave (or fundamental string) solutions §L7\ . 

8 The resulting gauge field background is of the next to the leading order in a' (and therefore can 
be ignored in solving the effective field equations), i.e., the 'asymmetric' and 'symmetric' heterotic 
string solutions agree to the leading order in a' . The schemes in which these two exact heterotic 
string solutions are exact are related by local covariant field redefinitions involving terms of all orders 
in a' |7j |. 
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where g is a hyper-Kahler metric and V = V(g) [11]] -0 Then the torsion and dilaton 
should satisfy H^ k = — G -1 / 2 e^ kn d n laf and <p — f m /- We shall assume that the 
four- dimensional hyper-Kahler metric gij has at least one translational isometry (in 
^-direction). Then this metric can be put into the form (xi = (x s ,X4), s = 1,2,3) 

gijdx l dx^ = k(x) [dx^ + a s (x)dx s } 2 + k~ 1 (x)dx s dx s , (9) 

where k and a s depend on x s only, and satisfy the conditions 

dsd 8 ^ 1 = , d p a q - d q a p = e^cfAr 1 , (10) 

which imply the self-duality of the curvature of (here e pqs is the flat-space antisym- 
metric tensor and the indices are contracted using 8 pq ). Depending on the asymptotic 
behaviour of k~ l these are (multi-center) Eguchi-Hanson or Taub-NUT gravitational 
instantons (see, e.g., fSOfl ). Note that for ^ in (|9]) the condition on f(x) in (||) 
becomes simply the 'flat' one, did 1 f = 0.0 

We shall thus consider the (1,0) (or (1,1)) supersymmetricQ six-dimensional 
chiral null model with (4,0) (or (4,1)) supersymmetric 'transverse' part which 
has the following bosonic term in the Lagrangian 

L = F(x)du [dv + K(x)du] + \K In F(x) + L± , (11) 

L± = f(x) k(x)(dxi + a s (x)dx s )(dxA + a s {x)dx s ) + k~ 1 (x)dx s dx s 

+ b s (x)(dx 4 dx s - Bx A dx s ) + TZ(j){x) , (12) 
where, in addition to flip]), we shall assume that / = f(x s ) and 

d s d s f = , d p b q - d q b p = e pqs d s f , = ± In / . (13) 

Choosing F and K to be independent of £4 and observing that the transverse metric 
G± = (Gij) and the dilaton in (PD,® are such that (for any f and k) ^GlG P l = 
S pq (p, q — 1, 2, 3), we conclude that the conditions (0) on F and K take the flat space 
form (cf. (D) 

d s d s F~ 1 = , d s d s K = . (14) 

Their solutions are thus given by harmonic functions of x s which are independent of a 
particular choice of the functions /, k, a s , b s in L±. The above conditions (|T^| ) ,([l~3| ) ,(|l^) 

9 Examples of other four-dimensional (4, 0) models with torsion which have metrics not conformal 
to hyper-Kahler ones were considered in [[29f . 

10 While k and a s are assumed to depend on x s only, / may, in general, depend also on £4, thus 
allowing for a more general set of solutions (see below). 

1:L The full heterotic (type II) model is actually (2,0) ((2,1)) supersymmetric (5), in agreement 
with the N = 1 four-dimensional space-time supersymmetry of the corresponding background. 

12 When is flat (k = 1) the corresponding (4, 1) type II (or 'symmetric' heterotic) 'transverse' 
a- model is actually (4,4) supersymmetric JTT| . The same may be true also in the general case of 
(9),(10). 
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are just the leading-order (one-loop) conformal invariance conditions for the bosonic 
cr-model (11). However, there exists a scheme in which they are exact (all-loop) 
conditions for the conformal invariance of the corresponding (1,0) (or (1,1)) super- 
symmetric cr-model. 

To summarize, the (1, 1) supersymmetric model (11), (12) represents an exact so- 
lution of the type II superstring theory. There are also two heterotic string solutions 
associated with the cr-model (11), (12). The 'asymmetric' one is obtained by consid- 
ering its (1, 0) supersymmetric extension and arguing that the chiral null structure 
combined with the (4, 0) supersymmetry of the 'transverse' part is sufficient for its 
exact conformal invariance in a certain scheme. The 'symmetric' heterotic string 
solution is obtained by embedding the 'transverse' ('magnetic') part of the Lorentz 
connection u_ into the gauge group, i.e., by adding the gauge field background to 
make the transverse cr-model anomaly-free and (4, 1) supersymmetric as in the spe- 
cial cases considered in JTT| , [T5[ |. Note that the full six-dimensional heterotic cr-model 
(11), (12) remains only (2,0) supersymmetric since the embedding into the gauge 
group is not possible for the 'electric' part of the Lorentz connection which has a 
non-compact holonomy || (such an embedding is not actually needed for the exact 
conformal invariance ||). 

If the harmonic functions F, K, f, k are chosen so that they approach constant 
values at large x (as in the case of (3)), i.e., that at large x the six-dimensional cr- 
model (11), (12) becomes a free theory with constant dilaton, then the central charge 
c of this conformal cr-model has the free-theory value (c is constant and hence can be 
evaluated at large x). 

Note also that the model (11), (12) is covariant under the separate cr-model duality 
(or target space, T-duality) transformations in the two isometric coordinates u — > u 
P| and combined withP] 

F -> K' 1 , K -> F' 1 , / -> k' 1 , k -> r 1 , a s -> b s , b s -> a s . (15) 

In the case of the simple harmonic functions in (3) this transformation is equivalent 
to Q^ 1} <-> Q? } and P^ 1} <-> pS 2) . 

4. Dyonic BPS Backgrounds as Exact Superstring Solutions. Finally, we are able 
to relate the above class of chiral null models to the general class of four- dimensional 
dyonic BPS saturated states described by the backgrounds (l)-(3). The non-trivial 

13 A subtlety that appears here is related to the presence of the cr-model anomaly implying the 
modification H — > H of the torsion H = dB by the Lorentz Chern-Simons term in the expressions 
for the conformal anomaly /3-functions. This modification is trivial in the purely 'electric' case 
/ = k = 1 H (where dH = 2a'tr(R A R) = 0), but is present in the 'magnetic' case ^|). Then 
one is to assume that there exists a deformation of Bij by higher order a'-terms which solves the 
conformal invariance equations. Because of the underlying (4,0) supersymmetry of the transverse 
model it should be possible to 'undo' this deformation by a local change of a scheme [^6[ p7[ . 

14 We are assuming that a s and b s are parallel as in the magnetic case discussed below. In general, 
the duality transformation in x± produces an extra torsion term (b p a q — a p b q )dx p dx q in the action. 
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six-dimensional part of these backgrounds corresponds to a special case of the a-model 
(|ITD , flT2|) where -F -1 , K, f, k~ x are four spherically symmetric one-center solutions (3) 
of the three-dimensional Laplace equation, and 



u = y 2 , v = 2t, %i = yx, dx s = dr + r (dQ + sin 9d(p ), r = x s x s , 

a s dx s = P^\l- cos 9)dif , b s dx s = (I - cos 9) dtp . (16) 

Thus, the model (11)-(13),(10) promotes the backgrounds (l)-(3) to exact superstring 
solutions. 

One advantage of having identified the conformal a-model behind the leading- 
order solution (l)-(3) is that now various generalizations become obvious. For exam- 
ple, the multi-center, or 'rotating', or 'Taub-NUT'-type backgrounds are obtained by 
choosing more general expressions for the harmonic functions F~ l , K, f,k~ l . The 
model (|TT|) , (|12D admits also an important extension which is found by assuming that 
/ may depend also on x^ and by replacing the 6 s -terms by Bij(x)8x t 8x^ with the 
generalized torsion = — 2\/~GG nl eijk n di4> ■ Another possibility would be to use a 
generic N = 4 supersymmetric model as the transverse part, relaxing the condition of 
isometry in x 4 direction on the hyper-Kahler metric g^ in @. These generalizations 
yield new types of genuine six-dimensional solutions which are worth further inves- 
tigation. The special case ofF = K = k = l and 0(4)-symmetric / corresponds to 



the five-brane solution [11]. One can also consider solutions periodic in x^ (analogs 
of periodic instantons \T2~\) which at distances large compared to the period of X4 
correspond to four- dimensional backgrounds. 

For regular solutions with both and no n- vanishing we can consider the 
'throat limit' r — > of the conformal model (11),(12),(16),(3).Q It then takes the 
following simple form 

L r ^o = (pdzdz + qdy 2 dy 2 + 2e~ z dy 2 Btj (17) 

+ p dyidyi + d(pd(p + 89 89 — 2 cos 98yid(p , 

where we have introduced the notation: z = — In r, z — > 00 and y\ = yi/P^ +(p, y 2 = 
y 2 /Q, < 2 \ p = P^P^, q = Q^Q^- K is easy to show that (up to the issue 
of periodicities of coordinates) the terms in the first bracket are equivalent to the 
Lagrangian of the SL(2,R) WZW model (see, e.g., Appendix B of 0) while the 
terms in the second bracket represent the Lagrangian of the SU(2) WZW model 
(see, e.g., [[H], |i~4|). Thus the model becomes equivalent to the direct product of the 
SL(2, R) and SU(2) WZW theories divided by discrete subgroups.0 The levels k 

15 In this case the dilaton $ = i \n(Ff ) approaches a constant for 1 — ► 0. Other cases are related 
to this one by T-duality (15). 

16 Scc also |32j for related observations. Similar 'throat-limit' conformal models were discussed in 
0. 
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of the two WZW models are both equal to Ap. The central charge of this super- 
conformal theory is then c = [3(k + 2)/k + 3/2] + [3(k -2)/k+ 3/2] = 6 + 3, i.e., it 
is the same as that of the theory corresponding to a flat background. 

Some special cases of the solution (ll),(12),(|l6l),(3) obtained by choosing special 
values of the parameters (Pi 1 '*, P^, Q^) are: 

• Zero magnetic charges: For P^ 1,2 '* = (/ = k — 1) the model ([TT| ) is the chiral 



null model with flat transverse part discussed in detail in 0, |[ (see also fl, |34||). 
The case with Q 2 = (F = 1) corresponding, from the four- dimensional point 
of view, to the extreme electric black hole solution in Kaluza-Klein theory, 
is described by the five- dimensional plane wave with flat transverse part ||35|| . 
The case with = (K = 1) is related to the one with = by 

the duality in y 2 -direction (see fll5f) ) and describes equivalent four- dimensional 
background. The self-dual case = {K = F^ 1 ) corresponding to the 
extreme electric a = 1 dilatonic black hole JJ?J, is represented by the five- 
dimensional fundamental string solution 

(1 2) 

Zero electric charges: For Q|[ = (F = K — 1) the background (l)-(3) is 
a generalized five-brane-type solution not studied before. The internal space of 
the five-brane (9) is a hybrid of the gravitational instanton and the if -instanton. 
The case with P^ = (k — 1) corresponds to the 0(3) symmetric analog of 
the five-brane [581 , O whose four- dimensional manifestation is the if-monopole 
||, 0, 0. In the case with Pf } =0 (/ = 1) related to the one with P^ 1} = 



by the duality in 7/x-direction (see (|15D), the space internal to the five-brane 
describes the Taub-NUT gravitational instanton (with the charge P[ being 
quantized in terms of the radius of yi to ensure the regularity of the solution). 
Its four-dimensional 'image' is the Kaluza-Klein monopole ||4X| , |13| . The self- 
dual case Pi = Pi (f = k^ 1 ) corresponds 0, to the extreme magnetic 
a = 1 dilatonic black hole in four dimensions 



Dyonic case: The choice Q2 = 0, = (F — f — 1) corresponds to the 
general supersymmetric Kaluza-Klein black hole solution ||2| , which is described 
by the six- dimensional Brinkmann pp-wave background with curved transverse 
space |43[ . 



5. Duality Transformations. We would like to end with a discussion of S-duality 
at the level of the six-dimensional conformal a-model defined by (11)-(13),(10),(3) 
and its relation to string-string duality. Since the electro-magnetic S'-duality is a non- 
perturbative, four- dimensional symmetry, which maps (see, e.g., [JXS[] ) one solution 



17 These four-dimensional electric solutions have the same type of charge assignments as certain 
elementary string excitations and may thus be identified with them (see, e.g., |}7j and references 
therein). 
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of the leading-order four- dimensional low-energy effective heterotic string equations 
into the dual one, the string a-models corresponding to the two S'-dual solutions are 
not expected to be related in any simple way. The above conformal cr-model is a 
counter-example to this expectation. Applying the S-duality transformation to the 
four-dimensional dyonic solution (l)-(3) one gets the S-dual dyonic solution with the 
two electric and two magnetic charges associated with the internal dimensions y% and 
y 2 , respectively. This S'-dual solution can then be elevated back to the effectively 
six-dimensional solution (l)-(3), with the related cr-model being again (11)— (13), but 
now with yi and y<i interchanged. The transformation y\ <-+ y 2 and Q,^ 1 ' 2 ^ <-» ~P^ ,2 \ 
or, more generally, u x 4 and 

F^f- 1 , K^k-\ f^F-\ k^K' 1 , (18) 

is thus the counterpart of the four-dimensional S-duality at the level of the six- 
dimensional conformal a-model.0 

The szx-dimensional model (11)— (13) provides a remarkable illustration of a re- 
lationship between heterotic-type II string-string duality in six dimensions and S- 
duality of heterotic string compactified on six-torus (T 6 ) |44], 3 • Indeed, the leading 
terms of the effective six-dimensional action of the heterotic string compactified on 
T 4 and type II string compactified on K3 are related by the following ('string-string 
duality') transformation of the metric G^ u , the two- form field B^ v and the dilaton 
$ @: G = e- 2 *G, dB' = e" 2 * * dB, $' = Applied to the background fields 
of the six-dimensional conformal cr-model (11)— (13), representing a solution in both 
dual theories, this transformation maps the cr-model into itself with 

F -> r 1 , K - K , f^F' 1 , k^k, (19) 

and a s and b s defined by (10),(13).[^] 

Repeating the sequence of string-string duality transformation (19) and T-duality 
transformation (15) twice yields fllB] ) which is the four-dimensional electro-magnetic 
S-duality transformation. This result is in agreement with the observation || that 
the toroidal SL(2) T duality of type II string compactified on K3 x T 2 implies the 
SL(2) S duality of heterotic string compactified on T 6 . 

Interestingly, the self-dual case of the cr-model (11), (12), corresponding to the 
fixed point F = K~ x = f~ l = k (and a s = b s ) of the duality transformations 

18 Note that the four-dimensional dilaton corresponding to (l)-(3) which is defined by e~ 2 * 4 = 
e^ 2i (G yi y 1 Gy 2 y 2 ) 1 ' 2 = {K F^ 1 k f ~ x ) x 1 2 is invariant under the T-duality (15), but indeed changes 
sign under the S-duality (F,K) «-> (/ _1 ,/c _1 ), i.e., Qn' 2 ^ <-> Pn' 2 '. The same applies to the six- 
dimensional dilaton <f> = | ln(F/) (see also below) . 

19 When applied to more general cr-models with ^-dependent functions mentioned above, the six- 
dimensional string-string duality (19) relates, in particular, the six-dimensional fundamental string 
solution 0] [K = k = 1, / = 1, F^ 1 = 1 + a/x 2 ) and the six-dimensional image (F = 1, 
K = k = 1, / = 1 + a/x 2 ) of the five-brane solution fill (see @). 
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(15), (18), (19), describes in four dimensions [[HJ the extreme Reissner-Nordstrom so- 
lution. The corresponding u-model has a particularly simple structure:^ 

L = dy 1 dy 1 + dy 2 dy 2 + 2a s (x)dy l dx s + 2F(x)dy 2 dt + F- 2 (x)dx s dx s , (20) 

where we have used the notation in (16), i.e., y\ = x 4 , y 2 — u, t — \v. The 
electro-magnetic duality corresponds to interchanging the third and fourth terms and 
Vi *-* yi- This model is a special case of 

L = dy n 8y n + 2A;(x)dy n dx» + g pq (x)dx p dx q , (21) 

where g pq = F~ 2 S pq and A 1 = (0, a s ) is the magnetic and A 2 ^ = (F, 0) is the electric 
field (x^ = (t, X s ) ). 

In conclusion, we would like to emphasize that the six-dimensional conformal a- 
model (11), (12) is the minimal one which enjoys the property of being covariant with 
respect to both the target space T— duality (15) and the electro-magnetic S— duality 
(18) or (19). Indeed, one needs two charges associated with each internal dimension 
to have covariance under T-duality, i.e., scalar duality in two dimensions, and two 
internal dimensions to embed both electric and magnetic charges, i.e., to have electro- 
magnetic or vector duality in four dimensions. 
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